1 Ab initio calculation of the
line-broadening due to
fluorescence decay

In the following, I will discuss how core-excited states are broadened due to the
coupling to the continuous energy spectrum of the electromagnetic field (fluores-
cence decay). I will present an ab initio description of the broadening in terms of
self-energies and briefly derive all relevant equations. Starting from the multipole
expansion of the light-matter interaction (see section 1.1), in section 1.2 an expres-
sion of the fluorescence self-energy is derived. This document summarizes parts
of my PhD thesis (see https:/ /archiv.ub.uni-heidelberg.de/volltextserver/32091/).

1.1 Multipole expansion of the relativistic

light-matter interaction

The Hamiltonian describing the (relativistic) interaction of light with matter in
the Coulomb gauge is given by

Hey = e/1p+(r)o¢-A(r)1p(r)d3r (1.1)

where ¢’ (r) and ¢ (r) are the four-component Dirac-spinor fields and « the Dirac
matrix. A(r) denotes the vector potential which in its canonical form reads
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Here V denotes the quantization volume, which we set to 1. €, (k) represents the
polarization vector and alty , and (v are the creation and annihilation operators
of a photon in mode {k-, y}, respectively. The kinetic energy of the photons is
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given by
2
Hy=Y ) wyaltwakw. (1.3)
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where w, = c|k,| = k;, with ¢ = 1. Inserting the vector potential (1.2) into (1.1),
the light-matter interaction Hamiltonian becomes

Hey = e Z Z \/E
x / P (eull)al, o™ + el )ar, o T) p() . (14)
In order to simplify notation, we introduce the transition operator
Tey (Ko, 1) = €u(k /d3r ¥l (r)we™ Ty (r) (1.5)

such that H,, takes the compact form

Hm_ezz m( Ty (K, 1) + 3, () TE (k1)) . (16)

Note that the light-matter interaction involves only a single photon, i.e. Hy can
induce transitions from an initial state with 7 to a final state with n £ 1 photons
by absorbing or emitting a photon.

To systematically study the interaction between light and matter, it is conve-
nient to decompose T, (k,, i) into its multipoles. For brevity, we first drop the
momentum dependence of €,(k,), i.e. €,(k,) — €, and then expand ¢, - e

in terms of multipole potentials
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where A = 0,1land M = —]J,...,]. A . ¢’®7'* transforms as a vector under

(A)

rotations, the multipole potent1al ay(r ) can be expressed as linear combinations

J
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1.1 Multipole expansion of the relativistic light-matter interaction
A definition of the vector spherical harmonics Y%\V)I(f’) can be found in the liter-
ature I refer to in my PhD thesis. In the Coulomb gauge plane waves are trans-
verse, therefore their polarization vector €, is perpendicular to the direction of
propagation k., i.e. €, -k, = 0. Since the vector spherical harmonic Y;;/Il) (k)
is parallel to k,, we find that €, - Y;X/Il)(fcy) = 0 and only the multipoles with
A = 0,1 contribute to the above expansion. The parts with A = 0 are referred to
as magnetic multipoles, while those with A = 1 represent the electric multipoles.
This labeling will become meaningful as soon as we have derived explicit expres-
sions for the matrix elements later on, when it will turn out that the magnetic and
electric multipoles matrix elements satisfy the corresponding selection rules.
Inserting the multipole expansion (1.7) into (1.5), the transition operator de-
composed into the individual multipole moments is given by

Toy (k1) = 47 Y- 7 (e Y0 (Ky)) / Lyt (@a-alh @), (19)

JMA

In order to obtain an expression for T(k., ) in second quantization, we next ex-
pand the four component Dirac-spinor field in terms creation ef and annihilation
er operators weighted by the single-particle wave functions ¢I(r) and ¢(r), re-
spectively,

P(r) =Y ¢c(r)er  ¢i(x) =Y pl(r)el (1.10)

where T comprises the quantum numbers T = {n,x,m}. Here n denotes the
principal, x the relativistic and m the magnetic quantum number related to the
total angular momentum. The single-particle wave functions are given by four-
component spinors

_ G (7) Qe (6, §)
Pelr) = ( iFue (1) Qi (6, ) ) ' (L11)

Here Gy (7) is the large and F(r) the small component of the radial wave func-
tion, where Qi (6, ¢) represents a spherical spinor. Inserting (1.10) into (1.9) and
using (1.11) as the single-particle wave functions, the second quantized form of
the transition operator decomposed into a sum over magnetic (A = 0) and electric
(A = 1) multipoles takes the form:

1
Toy(ky 1) = Y2 Y 859 (ko )el e, (1.12)
A

=0T
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(A)

The matrix elements t7, 7, (k,, v) are explicitly given by
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X {Quym, | - Y}}\21|Q—Kama> = frprp&nara <Q_Kbmb|0-.Y§}\;[|QKama>)

jj (ky )

+ ](] + 1) k,}/r (ganbfnaKa <QKbmb|0. ) Y;X/Il) |Q_Kuma>

- f"begﬂuKu <Q—Kbmb|0' : Y(X/Il)|QKama> (1.14)
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for the magnetic and electric multipoles, respectively. Both involve matrix ele-
ments of products of the vector of Pauli matrices ¢ and vector spherical har-
monics that can be rewritten in terms of matrix elements of ordinary spherical
harmonics using the following relations:

<Qkhmb|‘7 ) Yﬁ” |QKama> - <Q—Khmb |Y]M|QKama>

0 Kg — Kp
(Qeymy |0 - Y}Azllﬂkam» = ]a(] 1) {Qucymy | Y7 Q)
1 Kg + Kp
<QKbmb o - Y}]\ZI|QKuma> = ;(] 1) <Q—Kbmb|Y]M’QKama> (1.15)
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Hence, the matrix element for magnetic multipoles simplifies to
0 . OEFD
t"(fb")fa (Ko, ) = 47TZZI+1 (eﬂ Y}AZI (k7)> (Qucymy | Y7M | Qm, )
M
—(Ka + %p) ,(0)
X ———=R7 1 (w
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M
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with radial integral R(Tb)T (wq) = [ drji(kyr) (nye, fraxe + fryx,Snare)- For the elec-

tric multipoles, on the other hand, we obtain matrix elements of the form

tot, (e, 1) = 4 Y1 (e -Y}?f(h)) (o, [ Yj0a Q)
M

Kp —
[t )
_47T21I (ey vk, )) [T}]{g(wy)]% (1.17)

where we have introduced the following abbreviations for the two radial inte-
grals:

. i1 (k1
f d?’ g”bxbfna’(a + fnhth”nKa) ]}(k’)/r) + ]]Ec,y’; )) fOI' & =
TbTa ( '7) (k
f d?’ fnbkbgnaKa g”thfnaKa)

Note that the matrix elements [T](]O\/}(wv)} and [ ](11\/)1(“]7)] involve only
TpTa TpTa

those parts that are independent of the photon’s polarization and direction of
propagation.

While the radial part must be evaluated numerically, for the angular part there
exists an analytical solution. Matrix elements of the form (O, m, |Ym|Qx,m,) are
conveniently evaluated by using the Wigner-Eckart theorem which allows us to
write the angular part as

<Qxbmb!Y1M\Oxﬂma>=(—1)J‘b—mb( b T Ja

O, [1Y7]1, ) - 1.19
e mﬂ)< Wl¥lI0) (119)

Here (O, ||Y]||Q,) denotes the reduced matrix element and the expression in
brackets is the Wigner 3j-symbol. The reduced matrix element vanishes if I, +
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J + 1, is odd and takes the value

Qu, |[Y]11Q%,) = (=1)0 T2, /(2 +1)(2j, +1)(2] +1)/4 o da ]
(O 10x) = (U2 @iy + D@+ DT+ D /A P S
(1.20)
if I, + | + 1, is even. Thus, [T](]?/)I(w,y)} can be written as
Ty Ta
Ty = (cvpemearz (T e (D e
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if I, + ] + 1, £ 1 is even, whereas [T](}V)I(wf,)} becomes

TpTa

(1) — (_1\2ip—mp+1/2 jb ] ja jb ja ]
[TIM(“”’)LTQ (=1 <—mb M ma><—1/2 1/2 o)

) . Kp — Kqg (1L,1)
x 7/ 2y +1)(2a +1)(2] +1) /47 [—](Hl)R% (wy)

+ 10+ 1)R$'32(w7)] (1.22)

if I, + J + I, is even. This matrix element without inclusion of RV and R(12) is

created by the function "CreateElectricMultipoleOp()’.

Note that the condition 'l + | + 1, =1 = even’ for magneticand 'l, + [ + 1, =
even’ for electric multipole transitions to be non-vanishing, along with the prop-
erties of the Wigner 3j-symbols, reflects what is referred to as 'selection rules’.
For electric dipole transitions (A = 1, ] = 1), for example, the selection rule
states that a transition is only possible between states with opposite parity and
Aj = j, —ja. = 0,1, while a transition between two states with j, = j, = 0 is
forbidden. In addition, the condition m, = m,;, m, + 1 must be fulfilled. This
condition is exactly reflected in (1.22). On the other hand, the selection rule for
a magnetic dipole transition (A = 0, ] = 1) is identical to the one for the electric
dipole with the difference that here the two states must have the same parity. This
condition is contained in I, + ] + 1, £ 1 = even’.
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1.2 Fluorescence self-energy in terms of multipoles

In the following we want to derive an expression for the self-energy due to flu-
orescence decay employing the derived multipole expansion of the light-matter
interaction Hamiltonian. This allows us to systematically study the impact of
individual multipoles on the spectral line-shape.

The self-energy can be understood as a matrix on a basis of states before fluo-
rescence decay. This can, for example, be a set of states describing the XAS spec-
trum. Let i; and ¥; be two of such resonances, then the corresponding matrix
element of the self-energy can be written as:

Zij(w) = (Wi|Hey i Hey | 47). (1.23)

w~+int — Hy —
Substituting (1.6) for H,, the self-energy becomes

2 1
_ % ; Z—WQMTL(kwu)w ey < Hva(ky,y)|¢j>. (1.24)

The sum over all photon momenta k., can be performed by taking the continuum
limit as

1 3 _ 1 2
kz - G / Ky = Gy / dw,w?d0), (1.25)
Y

where spherical coordinates are assumed. Then, the fluorescence self-energy can
be written as

2 2 1
() = 37 J T 1) g Ten G 914)

X wydwqdQ),. (1.26)

Inserting (1.12) for the transition operator T, (k,, i) with matrix elements (1.16)
and (1.17) for the magnetic and electric multipoles, respectively, and further using
that H“Y“ltv,y ;) = wvaltwy |¢;), we finally end up with

_4¢x2/w7dw7dﬂ Z Y. ) ( 5/1\/}/(’2 )-€ )(eﬂ'Y%/)J*(’A‘v))

LT Ty, JMA [ M/A

;)
(1.27)
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where « denotes the fine-structure constant. As the vector spherical harmonics
with A = 0,1 both are orthogonal to k,, the sum over the two polarizations can
be performed as

Zl( k) i) (ew Yo () = (Yop (k) YOS (k) 129)
=

such that the self-energy simplifies to

jw)=du [w, ¥ ¥ T (Ywlk) Y ) [T (@)

T JMA J' MY )T
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In the following we integrate over the photon’s kinetic energy and all momentum
directions. To evaluate the latter integral, we exploit that the vector spherical
harmonics obey in analogy to the ordinary ones the orthonormality relation

/ dQy Y ]/M/ )-Y%(l%) = 050 MONA (1.30)

which enables us to directly integrate over all photon directions

st T % [re], [l

T T, JMA

X <lp1 ‘e'l'b

TpTa

1
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et ex, |y w,dew,. (1.31)
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It is important to note that a direct consequence of the orthonormality relation
(1.30) is that different multipoles as well as magnetic and electric parts of the
transition operator never interfere.

To evaluate the integral over w.,, we replace

1 Lyl

w +int — Hy — w, —~ w+inT — E; — w,y

1

where |¢,,) are eigenstates of Hy. Then we rewrite T —E—w, a8
! =P ! —ind(w — E; — w-) (1.32)
w+int —Ey—w, = w—Ey—w, e '
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where P represents the Cauchy principal value. Now the self-energy is split into a
real and an imaginary part, both involving an integral over w,,. For the imaginary
part the integration is simple and leads to

m¥(w) = —4me Y ¥ Y [T (@ EH)LW Ti (w — En)|

T,
LT TT, JMA 1 bta

Yn) (¥nlel ez, |$;)O(w — Ep). (1.33)

X (w — En) (Wiley,eq

This matrix element without inclusion of R(1'1) and R(1?) is created by the func-
tion ‘CalculateFluorescenceSEmatrix()’. The (radiative) level width which is often
referred to in the literature corresponds to the full width at half maximum and
therefore can be compared to twice the imaginary part of the fluorescence self-
energy evaluated at the resonance energy.
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